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CHARACTERIZATIONS OF APPROXIMATION PROPERTIES
DETERMINED BY OPERATOR IDEALS IN THE PREDUAL
WEIGHTED SPACES OF HOLOMORPHIC FUNCTIONS
DEEPIKA BAWEJA AND MANJUL GUPTA
Abstract. In this article, we show that the predual Gw(U) of the weighted space of holo-
morphic functions has the I- approximation property if and only if E has the I- approxi-
mation property where I is a suitably chosen operator ideal and w is a radial weight defined
on a balanced open subset U of a Banach space E.
1. Introduction
Approximation property is one of the most fundamental properties in the theory of Banach
spaces as it approximates the identity operator by finite rank operators uniformly on compact
subsets of the Banach space.This notion appeared for the first time in Banach’s book in 1932
and later a systematic study of this property along with its variants was carried out by A.
Grothendieck [14] in 1955, who showed the importance of the approximation property in the
structural study of Banach spaces. After the appearance of the work of P. Enflo [13], who
constructed an example of a Banach space lacking the approximation property, researches
in approximation property gained momentum.Several variants of this property have been
introduced and studied extensively; for instance, compact approximation property, weakly
compact approximation property etc.. Replacing the ideals of finite rank/compact/weakly
compact operators by an arbitrary operator ideal I, S. Berrios and G. Botelho [3] studied
the concept of I-approximation property which means that the identity operator on E is
uniformly approximated by a member of I ≡ I(E,E) on compact subsets of E. This
yields a unification of several variants of the approximation property. In [3], the authors
studied the I-approximation property in spaces of holomorphic functions of bounded type,
spaces of weakly uniformly continuous holomorphic functions, spaces of bounded holomorphic
functions and thus generalized some of the results obtained in [7,21]. Approximation property
more general then I- approximation Property has also been investigated; see [4] and [20].
In our recent work [15–17], we considered the approximation property and some of its vari-
ants for the predual of the weighted spaces of holomorphic functions defined on open subsets
of Banach spaces. We continue this study in the present work. We aim at studying some
new characterizations of the bounded and compact approximation property besides dealing
with the I-approximation property for the predual of the weighted space of holomorphic
mappings.
In Section 2, we give some basic notations, terminology and the results to be used in the
sequel. In the next section we show that a Banach space E has the compact approximation
property if and only the inclusion map defined on a balanced open subset U of E can be
approximated by a weighted holomorphic map with compact range. Also, we obtain some
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new characterizations of the bounded approximation property in terms of weighted spaces
of holomorphic mappings.
Finally, in the last section, we prove the main result, namely - a Banach space E has
the I-approximation property if and only if the predual Gw(E) has the I-approximation
property for a suitably chosen weight w and operator ideal I.
2. Preliminaries
Throughout this paper, the symbols N,N0 and C respectively denote the set of natural
numbers, N ∪ {0} and the complex plane. The letters E and F are used for the complex
Banach spaces. The symbols E ′ and E∗ denote respectively the algebraic dual and topological
dual of E. We denote by U a non-empty open subset of E; and by UE , BE - the open and
closed unit ball of E The symbol BλE denotes the set consisting of the elements with norm
≤ λ. For λ = 1, B1E = BE.
For m ∈ N, L(mE;F ) denotes the Banach space of all continuous m-linear mappings from
E to F endowed with the sup norm. A mapping P : E → F is said to be a continuous
m-homogeneous polynomial if there exists a continuous m-linear map A ∈ L(mE;F ) such
that P (x) = A(x, . . . , x), x ∈ E. The space of all m-homogeneous continuous polynomials
from E to F is denoted by P(mE;F ) which is a Banach space endowed with the norm
‖P‖ = sup
x∈BE
‖P (x)‖. A continuous polynomial P is a mapping from E into F which can be
represented as a sum P = P0 + P1 + + Pk with Pm ∈ P(
mE;F ) for m = 0, 1, . . . , k. The
vector space of continuous polynomials from E into F is denoted by P(E;F ). A polynomial




φmj (x)yj , x ∈ E
where φj ∈ E
∗ and yj ∈ F , 1 ≤ j ≤ k. We denote by Pf (
mE, F ) the space of finite type
polynomials from E into F . For m = 1, Pf (
1E, F ) ≡ F(E;F ) is the space of all finite rank
linear operators from E to F . A polynomial P ∈ P(mE, F ) is said to be compact if P (BE) is
relatively compact in F . We denote by Pk(
mE, F ) the space of all compact m-homogeneous
polynomials. For m = 1, the space P(1E, F ) coincides with the space K(E;F ) of all compact
linear operators from E to F .
A mapping f : U → F is said to be holomorphic, if for each ξ ∈ U , there exists a ball
B(ξ, r) with center at ξ and radius r > 0, contained in U and a sequence {Pm}
∞
m=1 of
polynomials with Pm ∈ P(





where the series converges uniformly for each x ∈ B(ξ, r) . The series in (2.1) is called the










d̂mf(ξ). The space of all holomorphic mappings from U to F is denoted by
H(U ;F ). It is usually endowed with the topology τ0 of uniform convergence on compact
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subsets of U and (H(U ;F ), τ0) is a Fréchet space. In case U = E, the class H(E, F ) is the
space of entire mappings from E into F . For F = C, we write H(U) for H(U ;C). We refer
to [11, 12, 22, 23] for notations and various results on infinite dimensional holomorphy.
A subset A of U is called U-bounded if A is bounded and there exists a neighborhood V of
0 such that A + V ⊂ U . A mapping f in H(U ;F ) is of bounded type if it maps U -bounded
sets to bounded sets in F . The space of holomorphic mappings of bounded type is denoted
by Hb(U ;F ). The space Hb(U ;F ) endowed with the topology τb, the topology of uniform
convergence on U -bounded sets, is a Fréchet space, cf. [23].
A weight w on U is a continuous and strictly positive function satisfying





for each U -bounded set A. A weight w defined on an open balanced subset U of E is said
to be radial if w(tx) = w(x) for all x ∈ U and t ∈ C with |t| = 1; and in case of U = E it is
said to be rapidly decreasing if U = E and sup
x∈E
w(x)‖x‖m < ∞ for each m ∈ N0.
Corresponding to a weight function w, the weighted space of holomorphic functions is
defined as
Hw(U ;F ) = {f ∈ H(U ;F ) : ‖f‖w = sup
x∈U
w(x)‖f(x)‖ < ∞}
The space (Hw(U ;F ), ‖ · ‖w) is a Banach space and Bw denotes its closed unit ball. For
F = C, we write Hw(U) = Hw(U ;C). It can be easily seen that the norm topology τ‖·‖w on
Hw(U ;F ) is finer than the topology induced by τ0, the topology of uniform convergence on
compact subsets of U .
Since the closed unit ball Bw of Hw(U) is τ0-compact by the Ascoli’s theorem, the predual
of Hw(U) is given by
Gw(U) = {φ ∈ Hw(U)
′ : φ|Bw is τ0 − continuous}
by the Ng Theorem, cf. [24]
Let us quote the following results from [15].
Theorem 2.1. (Linearization Theorem) For an open subset U of a Banach space E and
a weight w on U , there exists a Banach space Gw(U) and a mapping ∆w ∈ Hw(U,Gw(U))
with ‖∆‖w ≤ 1 satisfying the following property: for each Banach space F and each mapping
f ∈ Hw(U, F ), there is a unique operator Tf ∈ L(Gw(U), F ) such that Tf ◦ ∆w = f . The
correspondence Ψ between Hw(U, F ) and L(Gw(U), F ) given by
Ψ(f) = Tf
is an isometric isomorphism. The space Gw(U) is uniquely determined upto an isometric
isomorphism by these properties.
Further, we recall the locally convex topology τM on Hw(U, F ) generated by the family
{pᾱ,Ā : α = (αj) ∈ c
+









Theorem 2.2. Let E and F be Banach spaces and w be a weight on an open subset of E.
Then the mapping Ψ : (Hw(U, F ), τM) → (L(Gw(U), F ), τc) is a topological isomorphism.
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In case Ψ is restricted to norm bounded subsets of (Hw(U, F ), τM), we have the following
result from [17]
Theorem 2.3. Let E and F be Banach spaces and w be a weight on an open subset of E.
Then the restriction of the map Ψ : (Hw(U, F ), τc) → (L(Gw(U), F ), τc) on ‖ · ‖w-bounded
subsets of Hw(U, F ) is a topological isomorphism.
A Banach space E is said to have the approximation property (the comapct approximation
property) if for every compact set K of E and ǫ > 0, there exists an operator T ∈ F(E,E)
(T ∈ K(E,E)) such that
sup
x∈K
‖T (x)− x‖ < ǫ.
If T ∈ F(E,E) can be chosen with ‖T‖ ≤ λ for some λ, 1 ≤ λ < ∞, then E is said to
have the λ-bounded approximation property. E has the bounded approximation property
if E has the λ-bounded approximation property for some λ, 1 ≤ λ < ∞. The following
characterization of the approximation property due to Grothendieck, is given in [19].
Theorem 2.4. For a Banach space E, the following are equivalent:
(i) E has the approximation property.
(ii) F(E, F )
τc
= L(E, F ) for every Banach space F .
(iii) F(F,E)
τc
= L(F,E) for every Banach space F .
(iv) F(F,E)
‖·‖
= K(F,E) for every Banach space F .
Similar to the above characterization of the approximation property, the following char-
acterization of the compact approximation property is quoted from [7], see also [10]
Theorem 2.5. For a Banach space E, the following are equivalent:
(i) E has the compact approximation property.
(ii) K(E, F )
τc
= L(E, F ) for every Banach space F .
(iii) K(F,E)
τc
= L(F,E) for every Banach space F .
The following characterization of the bounded approximation property is due to Grothendieck
and proved in [10]
Theorem 2.6. For a Banach space E and 1 ≤ λ < ∞, the following are equivalent:
(i) E has the λ-bounded approximation property.
(ii) BλF(E,F )
τc
= BL(E,F ) for every Banach space F .
(ii) BλF(F,E)
τc




3. Hw(U, F ) and the compact approximation property
In this section, we study the compact approximation property for the space Gw(U). Let
us begin with the following lemma
Lemma 3.1. For each x ∈ U , there exists ǫ > 0 and a U-bounded set Vx,ǫ such that x ∈
Vx,ǫ ⊂ U .
Proof. Since U is open, there exists ǫ > 0 such that x + 2ǫBE ⊂ U . Define Vx,ǫ = x + ǫBE .
Then Vx,ǫ is U -bounded and x ∈ Vx,ǫ ⊂ U . 
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Let us recall from [1] that a map f ∈ H(U, F ) is said to be compact if for each x ∈ U ,
there exists a neighborhood Vx of x such that Vx ⊂ U and f(Vx) is relatively compact in F .
We denote by HK(U, F ) the space of all compact holomorphic mappings from U to F . A
characterization of compact holomorphic mappings in terms of Taylor series coefficients was
otained in [1] by R. Aron and M. Schottenloher. This was further generalized by E. Caliskan
and P. Rueda [9] for ξ-balanced domains in locally convex spaces( an open set U is said to be
ξ-balanced if (1− µ)ξ + µx ∈ U for all x ∈ U and µ ∈ C with |µ| ≤ 1) of which a particular
case is quoted below.
Proposition 3.2. Let U bea balanced open subset of a Banach space E and f ∈ H(U, F ).
Then the folowing are equivalent:
(a) f ∈ HK(U, F ).
(b) Pnf(0) ∈ Pk(
nE, F ) for all n ∈ N.
(c) Pnf(x) ∈ Pk(
nE, F ) for all n ∈ N and x ∈ U .
The following space has been introduced in [18]
Hcw(U, F ) = {f ∈ Hw(U, F ) : wf has a relatively compact range}
Relating Hcw(U, F ) with HK(U, F ), we prove
Proposition 3.3. Let U be an open subset of a Banach space E and w be a weight defined
on U . Then Hcw(U, F ) ⊂ HK(U, F ).
Proof. Let f ∈ Hcw(U, F ). Then Tf ∈ K(Gw(U), F ) by [15, Proposition 5.1(a)]. Fix x ∈ U
arbitraily. Then by Lemma 3.1, there exists ǫ > 0 such that
Vx,ǫ = x+ ǫBE ⊂ U
where Vx,ǫ is U -bounded. By Theorem 2.1, f(Vx,ǫ) = Tf◦∆w(Vx,ǫ). Since ∆w ∈ Hw(U, (Gw(U)) ⊂
Hb(U, (Gw(U)), ∆w(Vx,ǫ)) is bounded in Gw(U). Thus f(Vx,ǫ) = Tf ◦∆w(Vx,ǫ), f(Vx,ǫ) is rel-
ativlely compact in F as Tf is compact. 
Remark 3.4. Note that the reverse implication in Proposition 3.3 does not hold true in general
since taking w = 1, Hw(U, F ) = H
∞(U, F ) and Hcw(U, F ) = H
∞
k (U, F ), cf. [21, Example 3.2].
Theorem 3.5. Let w be a radial weight on a balanced open subset U of a Banach space E
such that P(E) ⊂ Hw(U). Then the following assertions are equivalent:
(a) E has the CAP.
(b) Hcw(U, F )
τM
= Hw(U, F ) for every Banach space F .
(c) Hw(U, F ) ⊂ Hcw(U, F )
τc
for every Banach space F .
Proof. (a) ⇐⇒ (b) follows from [16, Theorem 3.2((i)⇔ (iv))].
(b) =⇒ (c) Since τc ≤ τM, Hcw(U, F )
τM
⊂ Hcw(U, F )
τc
for each Banach space F . Thus (c)
follows from (b).
(c) =⇒ (a) Let P ∈ P(mE, F ). By hypothesis and [15, Theorem 3.2], P(E, F ) ⊂
Hw(U, F ) for each Banach space F . Therefore P ∈ Hcw(U, F )
τc
by using (c). Thus there
exists a net (fα)α∈Λ ⊂ H
c
w(U, F ) such that fα
τc−→ P.
For each m ∈ N, define Qm : (H(U, F ), τc) → P(
mE, F ) as Qm(f) = Pmf(0), f ∈ H(U, F ).
Now, Qm is a continuous projection for each m ∈ N, by [11, Proposition 3.22]. Therefore
Qm(fα)
τc−→ Qm(P ), that is, P
mfα(0)
τc−→ P , where Pmfα(0) ∈ Pk(




and Hcw(U, F ) ∈ Hk(U, F ). Thus Pk(
mE, F )
τc
= P(mE, F ). Hence it follows from [7,
Corollary 7] that E has the CAP.

Theorem 3.6. Let w be a radial weight on a balanced subset U of a Banach space E such
that P(E) ⊂ Hw(U). Then the following assertions are equivalent:
(a) E has the CAP.
(b) IU ∈ Hcw(U,E)
τM
, where IU : U → E is the inclusion mapping.
Proof. (a) =⇒ (b) Let E has the CAP. Then by Theorem 3.3 ((a) =⇒ (b)), Hcw(U, F )
τM
=
Hw(U, F ). Since IU ∈ P(
mE,E) and P(mE,E) ⊂ Hw(U,E), IU ∈ Hcw(U,E)
τM
.
(b) =⇒ (a) By (b), there exist a net (fα)α∈Λ ⊂ H
c
w(U,E) such that fα
τM−−→ IU . By [15,
Theorem 4.7], Tfα
τc−→ TIU .
Since T ≡ TIU ∈ L(Gw(U), E). Then by proceeding as in the proof of [15, Proposition
3.6], We can find S ∈ L(E,Gw(U)) such that T ◦ S(t) = t for all t ∈ E.
Now Tfα ◦ S
τc−→ T ◦ S gives Tα ◦ S
τc−→ IE. Note that Tfα ◦ S ∈ K(E,E) for each αΛ since
Tfα ∈ K(Gw(U), E) by [15, Proposition 5.1(b)]. Thus (a) follows.

The next result gives a characterization of the bounded approximation property in terms
of finite rank weighted holomorphic mappings
Theorem 3.7. Let w be a bounded weight on open unit ball UE of a Banach space E. Then
the following assertions are equivalent:





= BHw(UE ,E) for some λ, 1 ≤ λ < ∞.






for some λ′, 1 ≤ λ′ < ∞.
Proof. (a) =⇒ (b) Assume E has the λ-BAP for some λ, 1 ≤ λ < ∞ and f ∈ BHw(UE ,E).
Then by Theorem 2.1, Tf ∈ BL(Gw(UE),E). Since E has the λ-BAP, there exists a net (Tα)α∈Λ ⊂
BλF(Gw(UE),E) such that Tα
τc−→ Tf by Theorem 2.6((i) ⇔ (iii)).
Define fα = Tα◦∆w for each α ∈ Λ. Note that (fα)α∈Λ ⊂ Hw(UE)
⊗
E by [15, Proposition
5.1(a)] and fα
ττc−→ f by Theorem 2.3. Also ‖fα‖w ≤ ‖Tα‖ ≤ λ for each α ∈ Λ since ‖∆‖ ≤ 1.




and hence (b) follows.




By (b), there exists a net (fα)α∈Λ ⊂ Hw(UE)
⊗






. Define gα = fα‖IUE‖ for each λ ∈ Λ. Then ‖gα‖ ≤ λ‖IUE‖ for each α ∈ Λ
and gα
τc






with λ′ = λ‖IUE‖.






. Then by Theorem 2.3 there exists a net (fα)α∈Λ ⊂
Hw(UE)
⊗
E with ‖fα‖ ≤ λ
′ for each α ∈ Λ such that fα
τc−→ IUE . Then Tfα
τc−→ TIUE and
‖Tfα‖ = ‖fα‖ for each α ∈ Λ. Proceeding as in the proof of Theorem 3.6((b) =⇒ (a)), we
have Tfα ◦ S
τc−→ TIUE ◦ S = IE, where S ∈ L(E,Gw(UE)) and ‖Tfα ◦ S‖ ≤ λ
′ for each α ∈ Λ.




and hence E has the BAP. 
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4. Hw(U, F ) and I− approximation property
In this section we study I− approximation property for the predual of weighted spaces
of holomorphic functions. A Banach space E is said to have I-approximation property if
the identity operator on E is uniformly approximated by a member of I(E,E) on compact
subsets of E. The next result proved in [3] is a generalization of Theorem 2.4 and Theorem
2.5 for I-approximation property.
Theorem 4.1. For a Banach space E, the following are equivalent:
(i) E has the I- approximation property.
(ii) I(E, F )
τc
= L(E, F ) for every Banach space F .
(iii) I(F,E)
τc
= L(F,E) for every Banach space F .
Proposition 4.2. Let I be an operator ideal and E be a Banach space with I-AP. Then
every complemented subspace of E has I-AP.
Let us also recall the multilinear/polynomial ideal generalization of operator ideal from
[5, 6]
Definition 4.3. Let I, I1, I2, . . . , Im be operator ideals.
(a) A mapping A ∈ L(E1, E2, . . . , Em;F ) is said to be of type L[I1, I2, . . . , Im] if there
exists Banach spaces G1, G2, . . . , Gm, operators uj ∈ Ij(Ej , Gj), j = 1, 2, . . . , m, and a
mapping B ∈ L(G1, G2, . . . , Gm;F ) such that A = B ◦ (u1, u2, . . . , um). For I = I1 = I2 =
· · · = Im, we write L[I1, I2, . . . , Im] = L[I].
(b) Composition Ideal of Multilinear Operators: A mapping A ∈ L(E1, E2, . . . , Em;F )
belongs to I ◦ L if there are Banach space G, a mapping B ∈ L(E1, E2, . . . , Em;G) and
u ∈ I(G,F ) such that A = u ◦B.
(c) Composition Polynomial Ideal: A polynomial P ∈ P(mE, F ) belongs to I ◦ P if there
exists a Banach space G andQ ∈ P(mG,F ) and an operator u ∈ I(E,G) such that P = u◦Q.
In this case we write P ∈ I ◦ P(mE, F ).
Characterizing I-AP in terms of m-homogeneous polynomials, it is proved in [3]
Theorem 4.4. Let E be a Banach space and I be an operator ideal such that L[I] ⊂ I ◦ L.
Then E has I-AP if and only if P(mE, F ) ⊂ I ◦ P(nE, F ) for every n ∈ N and Banach
space F .
Let us define
I◦Hw(U, F ) = {f ∈ H(U, F ) : f = S◦g for some Banach space G, S ∈ I(G,F ) and g ∈ Hw(U,G)}.
Generalizing [15, Theorem 5.1] for an arbitrary operator ideal I, we have
Theorem 4.5. Let f ∈ Hw(U, F ) and I be an operator ideal. Then f ∈ I ◦Hw(U, F ) if and
only if Tf ∈ I(Gw(U), F ).
Proof. Suppose f ∈ I ◦ Hw(U, F ). Then there exists a Banach space G, an operator S ∈
I(G,F ) and a map g ∈ Hw(U,G) such that f = S ◦ g. Note that
Tf (δx) = f(x) = S ◦ g(x) = S ◦ Tg(δx).
Since {∆w(x) : x ∈ U} is dense in Gw(U), Tf ∈ I(Gw(U), F ).
Conversely, assume that f ∈ Hw(U, F ) be such that Tf ∈ I(Gw(U), F ). Then Tf ◦∆w ∈
I ◦ Hw(U, F ). 
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The proof of the next result is analogous to the proof of [2, Theorem 2.4 ].
Proposition 4.6. Let I be an operator ideal and P : E → F a continuous polynomial such
that P = P0 + P1 + P2 + · · · + Pn with Pk ∈ I ◦ P(
kE, F ) for each 0 ≤ k ≤ n. Then
P ∈ I ◦ Hw(U, F ).
Proof. Since P = P0 + P1 + P2 + · · · + Pn with Pk ∈ I ◦ P(
kE, F ) for each 0 ≤ k ≤ n,
there are Banach spaces G0, G1, G2,. . . , Gn, Qk ∈ P(
kE,Gk) and Ak ∈ I(Gk, F ) such that
Pk = Ak ◦Qk for each 0 ≤ k ≤ n.
Define G = G0 ×G1 ×G2 × · · · ×Gn, Q : E → G and A : G → F by
Q(x) = (Q0(x), Q1(x), . . . , Qn(x)) and A((y0, y1, y2, . . . , yn)) = A0(y0)+A1(y1)+· · ·+An(yn).
Note that A ◦ Q(x) = A0 ◦ Q0(x) + A1 ◦ Q1(x) + A2 ◦ Q2(x) + · · · + An ◦ Qn(x) =
P0(x) + P1(x) + P2(x) + · · ·+ Pn(x) = P (x) for all x ∈ E, where Q ∈ P(E, F ) ⊂ Hw(U, F ).
Thus P ∈ I ◦ Hw(U, F ). 
Now using Proposition 4.6, we obtain our main result.
Theorem 4.7. Let w be a radial weight on a balanced open subset of a Banach space E such
that Hw(U, F ) contains all polynomials and I be an operator ideal such that L[I] ⊂ I ◦ L.
Then the following assertions are equivalent:
(a) E has I−AP.
(b) P(mE, F ) = I ◦ P(mE, F )
τc
for each m ∈ N and each Banach space F .
(c) Hw(U, F ) = I ◦ Hw(U, F )
τM
for each Banach space F .
(d) Gw(U) has the I-AP.
(e) IU ∈ I ◦ Hw(U, F )
τM
for each Banach space F .
Proof. (a) =⇒ (b) follows from [3, Theorem 4.2(a) ⇔ (d)]
(b) =⇒ (c) Let p be a τM- continuous semi-norm on Hw(U, F ) and f ∈ Hw(U, F ). Then
by [15, Proposition 4.6] there exists P ∈ P(E, F ) such that
(4) p(f − P ) <
ǫ
2
Let P = P0 + P1 + · · · + Pk, Pm ∈ P(
mE, F ) for each 0 ≤ m ≤ k. Then by (b), there
exists Qm ∈ I ◦ P(
mE, F ) such that
(5) p(Qm − Pm) <
ǫ
2(m+ 1)
for each 0 ≤ m ≤ k.
Define Q = Q0 +Q1 + · · ·+Qk. By Proposition 4.6, Q ∈ I ◦ Hw(U, F ) and













p(Q− f) ≤ p(Q− P ) + p(P − f) < ǫ
by using (4) and (6). Thus (c) follows.
(c) =⇒ (d) Since ∆w ∈ Hw(U,Gw(U)), ∆w ∈ I ◦ Hw(U,Gw(U))
τM
by taking F = Gw(U)
in (c). Thus there exists a net fα ⊂ I ◦ Hw(U,Gw(U)) such that fα





Note that T∆w = IGw(U) and Tfα ∈ I(Gw(U),Gw(U)). Thus IGw(U) ∈ I(Gw(U),Gw(U)) and
hence (d) follows by using Theorem 4.1.
(d) =⇒ (e) Since P(mE, F ) ⊂ Hw(U, F ) and IU ∈ P(
mE, F ), (e) follows from (d).
(e) =⇒ (a) IU ∈ I ◦ Hw(U,E)
τM
, there exists a net fα ⊂ I ◦ Hw(U,E) such that
fα
τM−−→ IU . Now fα ∈ I ◦ Hw(U,E) for each α ∈ Λ. By Theorem 4.4, Tfα ∈ I(Gw(U), E).
Also by Theorem 2.2, Tfα
τc−→ TIU . Then by proceeding as in Theorem, Tfα ◦ S
τc−→ I, where
S ∈ I(Gw(U), E). Since Tfα ◦ S ∈ I(E,E), E has the I−AP by Theorem 4.1. 
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Fréchet spaces, Rev. Mat. Complut. 34, 185–201 (2021).
[10] P.G. Casazza, Approximation properties, In: Handbook of the Geometry of Banach spaces, Vol. 1, W.B.
Johnson and J. Lindenstrauss (eds.), North Holland, Amsterdam, 2001, 271-316.
[11] S. Dineen, Complex Analysis in Locally Convex Spaces, North-Holland Math. Studies, vol. 57, North-
Holland, Amsterdam, 1981.
[12] S. Dineen, Complex Analysis on Infinite Dimensional Spaces, Springer-Verlag, London, 1999.
[13] P. Enflo, A counterexample to the approximation problem in Banach spaces, Acta Math., 130, 1973,
309–317.
[14] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math. Soc. No.
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